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Abstract. This paper aims to study the g-analogue of the Sturm Liouville 
problem and to give an asymptotic behaviour at infinity for its solution (p. 
Additionally, we establish an asymptotic expansion of the g-Bessel function j a 
for a > — k. We are not in situation to claim that our results are new but 
they have the advantage to show that the method used by Agranovich and 
Marchenko remain true. 



1. Introduction: 

In the classical spectral analysis (see , Q1]v)j we denote by L a linear 
differential operator of the second-order given by on [0, oo[ of the form 

(1.1) Lu = ^—r — p{x)u 

dx A 

where p(x) is a real function, continuous which is integrable on [0, oo[. 

We note by <p(x, A 2 ) and 6(x, A 2 ) the solutions of 

(1.2) Lu = X 2 u 
with initial conditions 

tp(0, A 2 ) = sin a, <p'(0, A 2 ) = — cos a; 
9(0, A 2 ) = cos a, 6>' (0, A 2 ) = sin a, 

where A is an arbitrary positif real number and a is an arbitrary real number. 
It is known that solving (|1.2|) is equivalent to solving the following volterra 
integral equation 

n . o. . ,, , sin(Ax) f x sin(A(i£ — y)) . . . 2 . 

(1m()e, A ) = sin a cos (Ax) cosa+ / p(y)u(y,X)dy 

A J A 

where x € [0, +oo[, A G W + andp(x) is an continuous integrable function on [0, +oo[. 
Hence, for all A > p > 0, ip(x,\ 2 ) is a bounded function and have the asymptotic 
formulas 

(1.4) <p(x, A 2 ) = p(X 2 ) cos(Xx) + u(X 2 ) sin(A.x) + 0(1) 
where 

(1.5) M (A 2 ) = sma- J™ S -?^p(y)<p(y,X 2 )dy, 

i+ it \ /,9n cos a f 00 cos(Aw) . . , , 

(1.6) ^(A 2 ) — +/ -^lp(y)cp(y,X 2 )dy. 
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Similarly, we have 

(1.7) 6{x, A 2 ) = ^i(A 2 ) cos(Ax) + v x {\ 2 ) sin(Ax) + 0(1) 
where 

(1.8) Ml (A 2 ) = cosa- J~ S -^M p (y)9(y,X 2 )dy, 

„n ,,9n sina f°° cos(Aw) , N „, , 9n , 

(1.9) ^(A 2 ) = ^ r + j / o -^^(y)%,A 2 )dy. 

In the present paper we are concerned to give its g-analogue and study its asymp- 
totic behaviour at infinity. 

This paper is organized as follows: in section 2, we present some preliminaries re- 
sults and notations that will be useful in the sequel. Further it is natural to consider 
in section 3, the asymptotic behaviour of (p(x, X 2 ;q 2 ) and 8(x, A 2 ) for A — > oo. the 
fundamental result is given in the following theorem 

Theorem 1.1. For A in R q ,+ , we have: 

(1.10) ^\ 2 -q 2 ) Vl {\ 2 :q 2 ) - V {\ 2 - q 2 )^{\ 2 -q 2 ) = 

<p A 

Section 4, is devoted to finding precise asymptotic formulas of j a : the g-Bessel 
function for large A. 

2. Notations and preliminaries 

We recall some usual notions and notations used in the <?-theory. Let a and 
q be real numbers such that < q < 1. In all the sequel we suppose that and 

log(1 - q Kz. 

log<7 

The g-shifted factorials are defined by 

n-l 

(2.1) (a-q) n = -aq k ) ;n € N\{0}, 

k=0 

(2.2) (a;q) = 1, 



(2.3) (a; q)^ = [](1 -aq k ) 

k=0 

and more generally: 

r 

(2.4) (a l7 - ■ ■ ,a r ;q) n = ~[[(a k :q) n . 

k=\ 

The basic hypergeometric series or g-hypergeometric series is given for r , s integers 

by 

r( f> s (ai, ■ ■ ■ , a r ; h, ■ ■ ■ , b s ; q, x) = f] - ^ ' ' - f n [(-l)"g^] 1+ - r x n 

^ (&!,••• ,b s ;q) n {q,q) n 

here 

r, s e N;ai,- •• , a r e C; h, ■ ■ ■ ,b s e C\{q~ k ,k e N} 
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The g-derivative D q:X f of a function / on an open interval is given by: 
(2-5) D qtX f(x) = f{ f- f ^ qx) , x^O 

and (D q}X f)(0) = f (0) provided / (0) exist. The g-shift operators are 

(2.6) (A,,x/)(aO - f(qx) 

(2-7) (A^/)(or) = fiq-'x). 

We consider the g-operator 
(2-8) A,,, Aj./);.,. 

The g-Jackson integral from to a and from to oo are respectively defined by 

(2.9) / f(x)d q x = (l-q)a^f(aq n )q n 

J n=0 
poo +QQ 

(2.10) / f(x)d qX = (i- q )J2f(i n )q n 

Jo 



and from a to oo, 
(2.H) 



/oo +°° 
f(x)d q x^(l-q)aY / f(^ n k 
n=l 



Some g-functional spaces will be used to establish our result. We begin by puttin 

(2.12) m q = {±q k ,kei}u{0}, 

(2.13) K,,+ = {+q k ,keZ}. 

Let LP(M. q ^ + ), p 6 [1, +oo[ be the space of functions / such that 

/>OC 

(2-14) \\f\\ q , P =( | f(x) \p d g x)p < +oo, 



and for p = oo 

(2.15) || / ||, )0o = ess sup |/(x) 



Note that for n G Z and a £ K g , we have 

(2.16) / f(q n x)d g x = — / /(aOdga:. 

(2.17) r f{q n x)d qX =\ r f(x)d q x. 

Jo 1 Jo 

The q-integration by parts is given for suitable function / and g by: 

r°° r -i oo r°° 

(2.18) / f(x)D qjX g(x)d q x = f(x)g(x) D q Af{q' 1 x))g{x)d q x. 
Jo 1 Jo Jo 

Jackson in |H] defined the g-analogue of the Gamma function as 

(2.19) r.w-^a-,)- 
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We take the definition of g-trigonometric given by T.H.Koornwinder and R.F.Swarttouw 
(see with simple changes and we write g-cosine and g-sinus as a series of func- 
tions 



(2.20) cos(x;q 2 ) = m (0, q, <? 2 ; (1 - qfx 2 ) = £)(-l) n & n (a;; q 2 ) 

oo 

(2.21) sm(x;q 2 ) = (1 - q)x 1 i Pl (0, q\ q 2 ; (1 - q) 2 x 2 ) = (-1)"^ (x; q 2 ) 



where we have put 
(2.22) 



b n (x-q 2 ) = b w (l; g V" = 9" ( "~ 1) ( ? f B » a " 



(2.23) 



^(z;^) = c „(l ;g 2 )a .2„ + l = g n(„-l)(l_9) 



2n+l 



„2n+l 



fee) 



2n+l 



The reader will notice that the previous definition l|2.20|l derived from those given 
in [TT] with minor change. These functions satisfy 

(2.24) D q , x cos(x;q 2 ) = -q^ 1 sm(qx;q 2 ), 

(2.25) D q ^ x sin(x; g 2 ) = cos(a;;g 2 ). 

and we have the following estimations: 

1 



(2.26) 
(2.27) 



|cos(a;; g 2 )| < 
|sin(a;;g 2 )| < 



{q\q 2 ) 
1 



2"\2 ' 
oo 



W,q 2 )lo' 

We recall the tow g-analogue of the exponential functions ^UJi defined by: 
(2.28) E(x; q) = (-(1 - q)x; q)^ = £ ^Z^L^l)/2 x n x e R 



(2.29) e(x;<z) 



1 



((i - <7)z;<7)c 



E 



(1-a)" 1 

Vt 1 " x < i — • 



The function -E(a;; q) is analytic and e(z; q) is a meromorphic function on C having 



simple poles at z 
(2.30) 



1-9 



771 e N. They satisfy 
e(x;q)E(-x;q) = 1. 



Proposition 2.1. is an?/ q-derivative of the function f, namely D q x F(x) = 

f{x), continuous at x = 0, then 



(2.31) 



f(t)d q t = (F(x) - F(0)). 



2- For any function f we have 



(2.32) 



D 



q.x 



f(t)d q t 
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3- If G is any q-derivative of the function g, integrable over {x, oo); x > 
then: 



(2.33) 



l(t)d q t = - lim (G(x) - G(b)) = G(oo) - G(x) 

b »+oo 



4~ For any function f integrable over +00) , we have 

>• +00 



(2.34) 



D 



q , x 



g(t)d q t 



2.1. The g-Wronskian: Let the following g-difference equation: 
(2.35) + a(x)D q , x u(x) + b{x)u{qx) = 

Proposition 2.2. We define the q-Wronskian W(x; q) For the two solutions u% 
and U2 of the q-difference equation $2.35}) by: 

(2.36) 

(2.37) 



W(x;q)(x) = ui{qx)D q , x u 2 {x) - U2{qx)D q/x ui(x) 
ui(qx)u 2 (x) — U\{x)u2{qx) 



(1 - q)x 

It satisfies the following q-difference equation: 

(2.38) D qjX W{x;q)+a(x)W(x;q) = 0. 

Furthermore: 

W(0;q) 



(2.39) 



W(x;q) 



f[[l + (l-q)q k xa(q k x)} 

A;=0 



we have the 



Proof. It easy to see that, if u\ and u 2 are tow solutions of 
relation l(2~5gjl . 

Using the g-derivative definition 12.5fl . the equation l|2.38|l can be rewritten as: 



(2.40) 
then 
(2.41) 



W(x; q) — W(qx; q) — -(1 — q)xa(x)W(x; q) 



W(qx,q) = 



1 



1 + (1 - q)qxa(qx) 
So, by induction we have for n£fJ: 

(2.42) W(q n x;q)= ' 
We deduce that 

(2.43) W(x;q) 



1 + (1 - q)q ri xa(q ri x) 
W(0;q) 



W(q 2 x;q). 



W{q n+l x-q). 



Y[[l + (l- q )q k xa(q k x)} 

k=0 



□ 
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Proposition 2.3. The solution of the q-difference equation 

D 2 x u(x) + u(qx) = 



u(0; q 2 ) = a 
{ D q u(0;q 2 ) = b 



(2.44) (E) = < 
is given by: 

(2.45) u(x; q 2 ) = acos(x; q 2 ) + bq~? sin(q^ x; q 2 ) 
Proof. Let u(x) = ^o n i". Then 

n>0 

1 _ n n+2 i _ n n+\ 

(2.46) Dl x u{x) = an + 2—^ ^— x n . 

1 - q 1 - q 

If we replace in l|2.44|l we have the following recurrence relation: 

1 - Q n+2 1 - Q n+1 

(2.47) — q - a n+2 = q n a n . 

1-q 1-q 

then 

If n = 2p: p € N, we have 

i _ „2p+2 I _ 2p+l 

(2.48) q 2 Pa 2p = — ^ -* a 2p+2 

1 — g 1 — q 

so, by induction on p, we obtain: 

(<?;g)2 P 



f 1 _ „\2p 

(2.49) a 2p = (_i) ^ gj g p(p-D ao , 



similarly 

if n = 2p + 1, we obtain 

(2.50) a 2p+1 = (-l)Pi-^ g^-V. 

(<7;9)2 P +i 

Using the definition l|2.20|l . the solution of l|2.44|l is given. 
Corollary 2.4. For x el, we Ziawe 

(2.51) cos(qx; q 2 ) cos(q 3 x; q 2 ) + q~? sin(q^x; q 2 )sin(qx; q 2 ) = 1 
which tends to the classical trigonometric relation 

(2.52) cos 2 (x) + sin 2 {x) = 1 
when q —* 1 — 

Proof. Using the relation l|2.38[) and the condition a(x) = 0, we have 

(2.53) D q , x W{x- q) = 0. 
So, 

W(x; q) = lim W(q n X] q) = W(0] q). 



STURM-LIOUVILLE PROBLEM IN QUANTUM CALCULUS 



7 



W(0;q) = limW(x;g) = lim cos(ga;; g 2 ) cos(q 2 x; g ) + q 2 sin(g 2 x;q ) sin(gx; g ) 

x— >0 x^O L 



= lim 



x^a (1 — q)x 
= 1 



g 2 cos(x; g 2 ) sin(g 2 x; g 2 ) — g 2 cos(gx; g 2 ) sin(g 2 x; g 2 ) 



The result follows. □ 

3. Asymptotic expansion of solutions at infinity 

In this section, we try to study for A — ► oo the asymptotic expansion of solution 
u(x, A 2 ; q 2 ) of L q the g-difference operator defined by: 

(3.1) L q u(x) = D 2 q x u{x) - p(x)u{x); p(x) e i°°(M 9 , + ) n L\M. q .+). 
In the next we try to resolve the following g-difference problem 

(3.2) L q u(x) = -\ 2 u(qx), x e M g ,+ , A G K ?>+ . 
Proposition 3.1. (The g-Gronwall lemma:) 

Lef / and g be two positive functions, continuous at and q-integrable over all 
finite interval of [0, +oo[. 
We suppose that 

(3.3) f(x) <C q + f f(t)g((t)d q t 



o 



where C q e K 9 ,+ . 
TTiera 

(3-4) f{x) < 



l[[l-(l-q)q k xg(q k x) 



fe=0 

Proof. Let the following g-Jackson integral 



y(x) = f f(t)g(t)d q t, 
Jo 



we have, 

D q , x y(x) = f(x)g(x) < [C q + y(x)]g(x) 

then, 

and by induction on n, we deduce that 
then 

C 9 + 2/(x) < — (C, + y(0)). 

n[l-(l-«)g fc x5(g fc a;)] 

fe=0 

The fact that y(0) = leads to the result. □ 
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Corollary 3.2. Let f be a positive function, continuous at and q-integrable over 
all finite interval of [0, +oo[. We suppose that there exist two constants C q and M q 
in R g ,+ , such that 

f{x) < C q + M q f f(t)d q t. 

Then we have, 

(3.5) f(x)<C q e(M q (l-q)x;q 2 ) 
where e(x;q 2 ) is given by \2.29\l . 

Definition 3.3. Let U(x;q 2 ) and V(x;q 2 ) be twice g-differcntiable functions. We 
define [U,V] q by: 

(3.6) [U, V] q = U(qx; q 2 )D q . x V(x; q 2 ) - V(qx; q 2 )D q . x U(x; q 2 ) 
Proposition 3.4. (q- Green formula) 

For U(x;q 2 ) and V(x;q 2 ) twice q-differentiable functions, we have 

(3.7) D q . x [U, V] q = V(qx; q 2 )L q U(x; q 2 ) - U(qx; q 2 )L q V(x; q 2 ) 

3.1. q- Asymptotic behaviour of ip(x, X 2 ;q 2 ) when A — ► oo. For A G K g + let 

ip(x, A 2 ; q 2 ) the solution of the following g-difference problem {E\) 

' L q U(x,X 2 ;q 2 ) = -X 2 U(qx,X 2 ;q 2 ), 

(3.8) (El)=< U(0,\ 2 ;q 2 ) = q- 1 sm(qa;q 2 ), 

D q U(0,X 2 ;q 2 )=cos{qa;q 2 ) , a G M. 
where L q is given by (|3.2(l . 

Theorem 3.5. Letp(x) mL^ c (Mg ) +), then the solution ip(x, X 2 ;q 2 ) of (E±) verifies 
the following q-integral equation: 

(3.9) p(x, X 2 \q 2 ) = q^ 1 sin(qa; q 2 ) cos(Az; q 2 ) + q~^ C0S ^"' q I s in(q^ Xx; q 2 ) 

A 

i [ x 

+ j J G{x,y,X 2 ;q 2 )p{y)ip{y,\ 2 ;q 2 )d q y, 
where G{x,y,X 2 ;q 2 ) is the Green kernel defined by 

(3.10) G(x, y, X 2 ;q 2 ) = cos(qXy; q 2 )sin(q? Xx; q 2 ) — sin(q^ Xy; q 2 ) cos(Aa;; q 2 ) 
Proof. We begin by resolving the following g-homogenous equation 

(E lth ): D 2 q x U{x, \ 2 ;q 2 ) + X 2 U(qx, \ 2 ;q 2 ) = 0. 

For this way, if we use the same steps, given in proposition 12. 31 we obtain 

_ i 

<fii,h(x, A 2 ; (j 2 ) = acos(Ax; q 2 ) + b^— sin(q^ Xx; q 2 ) ;a, b £ K. 

A 

Now we are able to give a particular solution (p p (x, A 2 ; q 2 ) of {E\) . For deeps, 
we use the q- Method of variation of constant. Hence we write <p p (z, X 2 ;q 2 ) in the 
following form 

_ j_ 

<p p (x, A 2 ; q 2 ) — a(x, A 2 ; q 2 ) cos(Air; q 2 ) + b{x, A 2 ; <? 2 )^-— sin(g 5 Ax; q 2 ) 

X 
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Therefore, if we replace D qtX ip(x,X 2 ;q 2 ) and D 2 }X f{x, A 2 ; q 2 ) in (Ei), it can be 
rewritten in the form 

(3.11) D q , x [h] +I 2 = p(x)<p(x, A 2 ; q 2 ), 
where 

(3.12) h = D q ^ x a(x, X 2 ;q 2 ) cos(qXx; q 2 ) + D q , x b(x, X 2 ;q 2 ) sin(g3 \x; q 2 ) 
and 

(3.13) I 2 = D q , x a{x 1 X 2 :,q 2 )D q , x [cos{Xx\q 2 )] + D q , x b(x, X 2 ;q 2 )D qtX [sm{q^ Xx;q 2 )]. 
On the other hand, if we use (|2.24|) and (|2.25|) , we obtain the following system 

D q _ x a(x, A 2 ; q 2 ) cos(qXx; q 2 ) + D q , x b(x, A 2 ; q 2 )sin{qi Ax; q 2 ) = 

D q>x a(x, X 2 ;q^D q } x [cos(Xx; q 2 )] + D q , x b(x, A 2 ; q 2 )D q , x {sm(q^ Xx; q 2 )] = p(x)(f(x, A 2 

Hence , 

D q/X a(x, X 2 ;q 2 ) 



sin(q2 Xx;q ) 

p(x)tp(x,X 2 ;q 2 ) qz X cos((p Xx; q 2 ) 



W(x,X 2 ;q 2 ) 

p(x)(p(x, A 2 ; q 2 ) sin(q , ^Ax; q 2 ) 
W{x,X 2 ;q 2 ) ' 

where W(x, A 2 ; q 2 ) is given by (|2.36|) . So by proposition ^. II and proposition l2.3l we 

obtain respectively that 

(3.15) W(x, X 2 ;q 2 ) = X 
and 

(3.16) a(x, A 2 ;q 2 ) = -- J p{y)(p(y, X 2 ;q 2 )sm(q^ Xy;q 2 )d q y. 

In a similar way, we can show that 

1 f x 

(3.17) b(x, X 2 -q 2 ) = ~ jf PivMv, A 2 ; q 2 ) cos(qXy; q 2 )d q y 
then the particular solution <p p (x, A 2 ; q 2 ) of (E±) is given by 

(3.18) <f P (xA 2 ;q 2 ) = \J o P (yMy,x 2 ;q 2 )G(x,y,x 2 ;q 2 )d q y. 

where 

(3.1§£j(a;, y, A 2 ; q 2 ) = cos(qXy; q 2 )sin{q^ Xx; q 2 ) — sin(q^Xy\ q 2 ) cos{qXx] q 2 ) 
furthermore, by the fact that 

92(f), A 2 ) = a = q~ 1 sin(qa; q 2 ) 

and 

D q ip(0; q 2 ) = b = cos(qa; q 2 ) 
we can deduce the result. □ 

Proposition 3.6. Letp{x) a boundary function on . Then ip(x,X 2 ;q 2 ) verifies: 
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(1) ForXeR q .+ , 

(3.20) <p(x, A 2 ; q 2 ) = O (e(C A (l - q)x\ q 2 )) 

where 

(3 - 21) CX ~ lAlfeg^ 

ande(x;q 2 ) is given by 

(2) Additionally, if X ► oo, wc /love 

(3.22) <p(x,\ 2 ;q 2 ) = 0(l;q 2 ) 

Proof. To prove the first result, it suffices to use theorem 13.51 <|2.26[1 and H2.27fl . 

Therefore, 

M *' AW)I - + \ i a i' fa <ra + TO^ / X 1 ^ A2; g2) 1 1 piy) 1 ^' 

a I . |6| 2 „ „ r, , - a . 



Mx,A 2 ;<z 2 ) | < A x + C x f \ V (y,X 2 ;q 2 )\d q y, 

Jo 

where 

I n I I /) I 

A x = 



and 

(~i _ II P llg,oo 
X ~ \\\{q;q 2 ) 2 
By proposition 13. 21 we obtain that 

(3.23) | <p(x, A 2 ; q 2 ) \< A x e(C x (l ~ q)x; q 2 ). 

and the result follows immediately. □ 

Theorem 3.7. For p{x) in L^°(M gi+ ) n Z,i(R g , + )> we have 

(1) For A > £ > 0, <p(x, A 2 ; q 2 ) is an uniformly bounded function. 

(2) For a large A , we have the following estimation 

(3.24) ip(x, X 2 ;q 2 ) = ^(X 2 ;q 2 ) COs(Xx; q 2 ) + v{X 2 -q 2 )q-? sin(^Ax; q 2 ) + 0(l;q 2 ) 
where 

1 f°° 3 

(3.25) n{X 2 ;q 2 ) = q^ 1 sin(ga; g 2 ) - - y sin(q^Xy; q 2 )p(y)tp(y, X 2 -q 2 )d q y 
and 

(3.26) KA 2 ; g 2 ) = c ° s(g A Q;g2) + y /°° C ° S M2/; ^MwMy, A 2 ; g 2 )d g2/ . 

Proof. The first result follows immediately by proposition ^. 61 
proving the second relation, by theorem 13. 51 we have 

I i2 2^ -1 • / 2^ /i 2n - 1 COs(qa; q 2 ) , . 1 2 

y(x, A ;q ) = (? sin (get: ; g )cos(Aa;;g ) — g 2 sm(g 2 Ax;<7 ) 

X 

I poo If 00 

+ - G(x, y, X 2 ;q 2 )p(y)f(y, A 2 ; q 2 )d q y -- G{x,y,X 2 ;q 2 )p{y) V {y 7 X 2 ;q 2 
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taking account of the fact that p in L q (R q , + ) and by (|2.26jl , (|2.27jl 

1/ G(x,y,X 2 ;q 2 )p(yMy,X 2 ;q 2 )d q y\ < C q \ p{y)tp{y , A 2 ; q 2 ) \ d q y 

J X J X 

< c q \\ '■P \\q,oc / I P(y) I d q y 

Jo 

< +00. 

leads to the result. □ 

On the same way, if we note by 9(x, X 2 ;q 2 ) the solution of the g-difference prob- 
lem 

( L a U = -X 2 U 



(3.27) (E 2 



[7(0, A 2 ; q 2 ) = q? cos(q^a; q 2 ) 
t D q U(Q,X 2 ;q 2 ) = -sm(qia;q 2 ) , a G 



We show that 

(3.28) 6(x, X 2 ;q 2 ) = ^i(A 2 ; q 2 ) cos(Xx; q 2 ) + Vl {X 2 -q 2 )q-^ sin(g* Ax; q 2 ) + 0(1; q 2 ) 



where 

i 1 f°° 3 

(3.29) /ii(A 2 ;? 2 ) = <^cos(^a;q 2 )--^ sin{qi Xy;q 2 )p(y)ip(y, X 2 ; q 2 )d q y 

and 
(3.30) 

M 2 2^ 1 cos(ga;g 2 ) 1 sm( g iq; g 2 ) f 00 2 2 2 

i/i(A ;g ) = -g2 - q* - J cos{qXy;q )p{y)ip(y,X ;q )d q y. 

Theorem 3.8. For X mR 9 ,+ , we have: 

(3.31) m(A 2 ;<?>i(A 2 ;(? 2 ) - KAWWAW) - 4r- 

q^X 

Proof. Using theorem l3.7l we obtain that 

ip(x, X 2 ;q 2 ) = p(X 2 :q 2 ) cos(Ax; q 2 ) + v(X 2 :q 2 )q-^ sin(gi Ax; q 2 ) + 0(1; q 2 ) 

and 

6{x, X 2 -q 2 ) = pi(X 2 ;q 2 ) cos(Ax; q 2 ) + ^(A 2 ; q 2 )q-^ sin(g* As; q 2 ) + 0(1; q 2 ). 
We can deduce that 

D q , x tp(x, X 2 ;q 2 ) = -q~ 1 X^(X 2 ; q 2 ) sin((?Ax; q 2 ) + A^(A 2 ; q 2 ) cos(qi Xx; q 2 ) + 0(1; q 2 ) 
and 

D q , x 6(x, X 2 ;q 2 ) = -Xq- Vi(A 2 ; q 2 ) sinfaAx; (7 2 )+A^(A 2 ; q 2 ) cos(<^Ax; <? 2 )+0(l; g 2 ), 
then, the use of definition 13.31 leads to 

VPi d \ q ( x ) = ( P(q x '-,q 2 ) D q,xO(x;q 2 ) - 6(qx;q 2 )D qtX ip(x;q 2 ) 

= X[v(X 2 ; q 2 )^i(A 2 ; q 2 ) - n{X 2 ■ q 2 )v x {X 2 ■ q 2 )} [cos(<jAx; q 2 ) cos(^Ax; q 2 ) 
+ q~i sin(^Ax; q 2 ) sin(qAx; q 2 )] + 0(1; q 2 ). 
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In the other side, the fact that </? and 9 are solutions of (E) and by proposition 0O] 
we can deduce that 

D q , x [<p,ff\ q (x)=0. 

then from proposition 12. II 

[<P, G\ q ( x ) = % (°) = <F cos(g5 a; q 2 ) cos(ga; q 2 ) + q~ x sin(oa; q 2 ) sin(q^a; q 2 ) 

= q 2 

the result follows. □ 

4. Asymptotic behaviour of j a (Xx;q 2 ): 

In this section, our objective is to establish; using the method of variation of 
constant given in the last section; the asymptotic expansion of j a {\x\q 2 ) when 
A — ► +oo. 

we recall some properties given in |Kj: For a > — i, the q-Bessel function is defined 
by: 

(4.1) j a (x; q 2 ) = I>(a + 1) g) * J„((l - q)x; q 2 ) 

where J a (x; q 2 ) is the g-Bessel Han Exton [To\, defined by 

(\ a co , ni. k(k-l) . 2fc 

^ r 9( fc + 1 ) r <?( Q! + fc + 1 ) V 1 -? 
This function satisfies the following relations 

(4.3) j_i(x;q 2 ) = cos(x;q 2 ) 

(4.4) Jifog 2 ) = -sm(x;q 2 ). 

2 x 

Proposition 4.1. The function j a (Xx; q 2 ); A being complex; is the solution of the 
following q-difference problem: 

A q . a y(x) + X 2 y(x) = 



(4.5) (E) = { 



y(0) = i 



{ D q y(0) = 
where A qa is the q-Bessel operator, defined by 

(4.6) A q , a f(x) = -^D q , x [x 2a+l D q , x f){q- l xl 

1 _ 2a+l 

(4-7) = q 2a+1 A v , x f(x) + g- j^/fa-ig) 

and 

(4-8) A q , x f{x) = (^/Jfe- 1 !) 

Corollary 4.2. for and lo ^^ l? - ) S Z, tue /iaue i/ie following estimation 

(4-9) |j q (^;<z 2 )| < ^4^- 
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Now, we consider the following q-Bcssel equation given by: 



A 



(E) D qx y(x, A ; q) + —^^■y(qx, A ; q ) 



l-q 



2a + l 



-D qx y(x,X ;q ) 



f"T- q 2a + 1 (l-q)x q ' : 

Let yh(x, A 2 ; q 2 ) = a„(a, X 2 ;q 2 )x n the homogeneous solution of (£/i) given by 



n>0 



A 2 



(B fc ) Dl x y(x, X ;q ) + ^^y(qx, X ;q ) = 0. 



Then, we have 
Dl x y(x,X 2 ;q 2 ) = J2 



(1-g) 2 



(l-g«+2)(l_ g n+l) 
2 , 7^ ^2 a n+2X" 



n>2 v T,/ ?i>0 

By identification, we obtain the following recurrence relation: 



(4.10) 



(l-g"+ 2 )(l-g" +1 ) 
(l-q) 2 



-a n +2 



X 2 q n 
2a+l ' 
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If we proceed in a similar way of proposition 12.31 we can deduce easily that the 
homogeneous solution yu(x, X 2 ;q 2 ) is given by 

— a — 1 

(4.11) y h {x, X 2 ;q 2 ) = a cos(q- Q ^ Ax; q 2 ) + cn — — sm(q~ a Xx; q 2 ) 

A 

where ao, a\ are constants in K. 

Now, we give a particular solution y p (x, A 2 ; q 2 ) of (E) in the form 

y p (i^)} 2 ) = a a {x, X 2 -q 2 ) cos(q- a ~?Xx; q 2 ) + b a (x, A 2 ; q 2 )^—r — - sin(<7~ Q Ax; q 2 ). 



The q-wronskian is given by 

W(x,X 2 ;q 2 ) = D q . x [cos(g-"-^Ax;q 2 ) 
-cos(q^ a ~^Xx;q 2 )D qtX 
thus, using corollary 12 . 41 we can show that 



^-^sm(q- a Xx;q 2 ) 
-a-l 

— — sm{q- a Xx;q 2 ) 



D q . x W{x,X 2 -q 2 ) = 0, 



therefore 
(4.13) 



W(x,X 2 ;q 2 ) 



-q-^X. 



Using the q- method of variation of constant (given in theorem 13. 5|) and proposition 
12 .11 we deduce that 



1 /-+OC 



(4.d4RAW) = 



1 - q 2a+1 1 



l-q t 



-D q , t y{t, X ;q ) sm(q- a+i Xt; q 2 )d q t 



-i r^oc i _ 2a + L i 

(4.#,A 2 ;g 2 ) = -- J —JL—-D q , t y(t, A 2 ; q 2 ) cos(q' a+ ^ Xt; q 2 )d q t 
this leads to the following result 
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Proposition 4.3. For x, A <E Rg,+ , i/ie solution y(x, A 2 ; g 2 ) o/ (i?J is given 

y(x,X 2 ;q 2 ) = a cos(g~ Q ^ Ax; q 2 ) + y^"" 1 sin(g _a Ax; q 2 ) 

A 

-a-l /-+00 j _ 2a+l 1 

+ ^-r— / G a (t,x,\;q 2 )— -2 -D qit y{t,X 2 ;q 2 )d q t 

X J x l-q t 

where 
(4.16) 

x, A; <? 2 ) = cos(q- Q -3Ax; q 2 ) sin(g~ a+1 At) - cos(<T Q+ Hi; g 2 ) sin(<r"Ax; q 2 ) 

On the other hand j a (Xx\ q 2 ) is the unique solution of (E) with initial conditions 

M0;q 2 ) = 1 
D q]a (0;q 2 ) = 0. 

Therefore, we can write j Q (Ax; q 2 ) as the following form 

Theorem 4.4. For X E R g ,+ and a > — |, we Ziave 

(1) 

(4.17) j a (Xx;q 2 ) = cos{q- a -^Xx;q 2 ) + R q , a (x,X 2 ), 

where 

1 1 - q 2a+1 f +oc 1 

R q , a {x,X 2 ) = -- — / G a (t 7 x,X;q 2 )-D q _ t j a (Xt;q 2 )d q t 

A l-q J x t 

(2) Additionally, i? ?jQ (x, A 2 ) tend to w/ien A tend to +oo. 

Proo/. To prove 2. it suffices to use (|2~2^)l . (|2~2~7|) and corollar^lO then 

IB c X2„ H-q 2a+1 2 /-+ 00 D q , tJa (Xt;q 2 ) 
lR ^ X)l - A fe^A 1 i 

< i - q2a+l , * r\ D ^ q2) \d„ t 



i - q {<r,q 2 ) 2 oo J\x 1 
l- g 2 "+i 2 /- + °° boft;g 2 )-j a (^;g 2 )| 

" 1-9 (q;q 2 )LJx x (l-q)t 2 
l- g 2«+i 2 a /•+ 00 d 2 i 

- (i- 9 ) 2 L( g;g 2 )go J y Aa; t 2 

Ax 



where 



1 -a 

(4.18) C q = 



2a+l 



q L (l -q)(T, q 2 )V 
and the result follows immediately. □ 

4.1. Application. We recall the g-equality of Weber integral study in 
For a, A in R g ,+ and a > — 1 we have 

2 (i + ?) 2 



1 Z" 00 1 
(4.19) jf e(-a 2 x 2 ; 9 2 ) Ja (Ax; q 2 )x 2 ^d q x = -^ e {-—f—.f , 
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where 



and if we take a = \ft we obtain 

(4.21) E a (t,X 2 ;q 2 ) = e{-q~Hx 2 ; q 2 ) Ja (Xx; q 2 )x 2a+1 d q x 



where 

(4-22) E a (t,X 2 ;q 2 )^^ I e(- TT ^- Ft ,q 2 ) 



Proposition 4.5. For a > — 1 anrf A,t £ the heat kernel E a (t, X;q 2 ) has the 



L UI UL S — -L UllU /\, C C + , "«= /ICtit ft,CJ (tCl ii a ^C, /\, T 2 

following behaviour: 

poo 

(4.23) E a (t,X 2 ;q 2 ) = / e{-q-Hx 2 ; q 2 ) cos{q- a -^ Xx; q 2 )x 2a+1 d q x+e a {\, t; q 2 ) 

Jo 

where 

(4.24) 9 a (A,t;g 2 ) — >0 , A -> oo 
Proof, the result follows by proposition 14. 41 and the fact that 

1/ e(-g- 1 te 2 ;g 2 )i? (Z (A 2 ,x)x 2Q+1 d 9 a; | < ^f/ e(- g " 1 te 2 ; g 2 )x 2 %x 

,/n A" In 



(1 +°° „(2a + l)fe 



(-q-l(l-q2)tq 2k ;q 2 ) c 



r< +°° „2/3fe 



x2 ±^(aq 2k ;q 2 )oc 

where f3 — a + \ and a = — g -1 (l — q 2 )t . The use of Ramanujan's sum (see [7]) 
leads to 

|y e(— <7 _1 ia; 2 ; g 2 )-R 9 (A 2 , x)a; 2Q+1 (i 9 a; | < ^fl a (t; g 2 ) — ► , A -> oo 
where 

(4.25) i^ 2 ) = (-^(i-^^d-^)- 1 ^;^)- 



(q^+\-q-H{l - <? 2 ), -g3i"l(l - q 2 )^^ 2 )^ ' 

□ 
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